With high luminosity and energy at the ILC and clean SM backgrounds, the top-charm production at the ILC should have powerful potential to probe new physics. The littlest Higgs model with discrete symmetry named "T-parity"(LHT) is one of the most promising new physics models. In this paper, we study the FC processes e + e − (γγ) → tc at the ILC in the LHT model. Our study shows that the LHT model can make a significant contribution to these processes. When the masses of mirror quarks become large, these two processes are accessible at the ILC. So the top-charm production at the ILC provides a unique way to study the properties of the FC couplings in the LHT model and furthermore test the model.
model to the top-charm production at the ILC, i.e., e + e − (γγ) → tc. The motivations to study the FC top-charm production are as follows: (1)The LHT model is an ideal idea to solve the hierarchy problem and does not suffer from severe constraints from precision electroweak measurewments. (2) Due to the extreme suppression in the SM, the top-charm production can provide the clean SM background to probe the quantum effect of the LHT model. (3) Due to its rather clean environment and high luminosity, the International Linear Collider(ILC) will be an ideal machine to probe new physics. In such a collider, in addition to e + e − collision, we can also realize photon-photon collision. The FC top-charm production at the ILC will be a sensitive probe for different new physics models and one might distinguish different new physics models with the precise measurement of these processes at the ILC. This paper is organized as follows. In Sec.II, we briefly review the LHT model. Sec.III presents the detailed calculation of the production cross sections of the processes. The numerical results are shown in Sec.IV. We present discussions and conclusions in the last section.
II. A BRIEF REVIEW OF THE LHT MODEL
The LH model embeds the electroweak sector of the SM in an SU(5)/SO(5) non-linear sigma model. It begins with a global SU(5) symmetry with a locally gauged sub-group [SU(2) × U (1)] 2 . The SU (5) symmetry is spontaneously broken down to SO(5) via a VEV of order f . At the same time, the [SU(2) × U(1)] 2 gauge symmetry is broken to its diagonal subgroup SU(2) L × U(1) Y which is identified as the SM electroweak gauge group. From the SU(5)/SO(5) breaking, there arise 14 Nambu-Goldstone bosons which are described by the matrix Π, given explicitly by
Here, H = (−iπ
T plays the role of the SM Higgs doublet, i.e. h is the usual Higgs field, v = 246 GeV is the Higgs VEV, and π ± , π 0 are the Goldstone bosons associated with the spontaneous symmetry breaking SU(2) L × U(1) Y → U(1) em . The fields η and ω are additional Goldstone bosons eaten by heavy gauge bosons when the [SU(2) × U(1)] 2 gauge group is broken down to SU(2) L × U(1) Y . The field Φ is a physical scalar triplet with Φ = −iφ
Its mass is given by
with m H being the mass of the SM Higgs scalar. In the LHT model, a T-parity discrete symmetry is introduced to make the model consistent with the electroweak precision data. Under the T-parity, the field Φ, ω, and η are odd, and the SM Higgs doublet H is even.
For the gauge group [SU(2) × U (1) 2, 3) . A natural way to define the action of T-parity on the gauge fields is
An immediate consequence of this definition is that the gauge couplings of the two SU(2)× U(1) factors have to be equal. The gauge boson T-parity eigenstates are given by
From the first step of symmetry breaking
Y , the T-odd heavy gauge bosons acquire masses. The masses of the T-even gauge bosons are generated only through the second step of symmetry breaking SU(2) L ×U(1) Y → U(1) em . Finally, the mass eigenstates are given at order O(
where θ W is the usual weak mixing angle and
with g, g ′ being the corresponding coupling constants of SU(2) L and U(1) Y . The masses of the T-odd gauge bosons are given by
The masses of the T-even gauge bosons are given by
A consistent and phenomenologically viable implementation of T-parity in the fermion sector requires the introduction of mirror fermions. The T-even fermion section consists of the SM quarks, leptons and an additional heavy quark T + . The T-odd fermion sector consists of three generations of mirror quarks and leptons and an additional heavy quark T − . Only the mirror quarks (u As we have mentioned above, there are FC interactions between SM fermions and Todd mirror fermions which are mediated by the T-odd heavy gauge bosons(A H , Z H , W ± H ) or Goldstone bosons(η, ω 0 , ω ± ,). The relevant Feynman rules can be found in Ref. [10] . With these FC couplings, the loop-level FC couplings tcZ(γ) can be induced and the relevant Feynman diagrams are shown in Fig.1 .
As we know, each diagram in Fig.1 actually contains ultraviolet divergence. Because there is no corresponding tree-level tcZ(γ) couplings to absorb these divergences, the divergences just cancel each other and the total effective tcZ(γ) couplings are finite as they should be. The effective one loop-level couplings tcZ(γ) can be directly calculated based on Fig.1 . Their explicit forms, Γ µ tcγ (p t , p c ) and Γ µ tcZ (p t , p c ), are given in Appendix. The study has shown that the FC couplings tcV (V = Z, γ, g) can largely enhance the branching ratios of rare top quark decays t → cV [11] . On the other hand, the couplings can also contribute to the top-charm production via the processes e + e − (γγ) → tc. We will discuss these processes in the following.
B. The calculation of the cross sections for the processes e + e − (γγ) → tc in the LHT model In the LHT model, the existence of the FC couplings tcZ(γ) can induce the process e + e − → tc at loop-level. The corresponding Feynman diagram is shown in Fig.2(A) . The production amplitudes are
.
(1 − γ 5 ) and P R = 1 2
(1 + γ 5 ) are the left and right chirality projectors. p 1 , p 2 are the momenta of the incoming e + , e − , and p 3 , p 4 are the momenta of the outgoing final states top quark and anti-charm quark, respectively. We also define G(p, m) as
On the other hand, a unique feature of the ILC is that it can be transformed to γγ collision with the photon beams generated by using the Compton backscattering of the initial electron and laser beams. In this case, the energy and luminosity of the photon beams would be the same order of magnitude of the original electron beams, and the set of final states at a photon collider is much richer than that in the e + e − mode. So the realization of the photon collider will open a wider window to probe new physics. In the LHT model, the top-charm quarks can also be produced through γγ collision, and the relevant Feynman diagrams are shown in Fig.2 (B-C). The invariant production amplitudes of the process γγ → tc can be written as:
With the above amplitudes M B , M C , we can directly obtain the production cross sectionσ(ŝ) for the subprocess γγ → tc and the total cross sections at the e + e − linear collider can be obtained by foldingσ(ŝ) with the photon distribution function F (x) which is given in Ref. [12] ,
where s is the c.m. energy squared for e + e − . The subprocess occur effectively atŝ = x 1 x 2 s, and x i are the fractions of the electron energies carried by the photons. The explicit form of the photon distribution function F (x) is
with
and
E 0 and ω 0 are the incident electron and laser light energies, and x = ω/E 0 . The energy ω of the scattered photon depends on its angle θ with respect to the incident electron beam and is given by
Therefore, at θ = 0, ω = E 0 ξ/(1 + ξ) = ω max is the maximum energy of the backscattered photon, and
To avoid unwanted e + e − pair production from the collision between the incident and back-scattered photons, we should not choose too large ω 0 . The threshold for e + e − pair creation is ω max ω 0 > m 2 e , so we require ω max ω 0 ≤ m 2 e . Solving ω max ω 0 = m 2 e , we find
For the choice ξ = 4.8, we obtain x max = 0.83 and D(ξ max ) = 1.8. The minimum value for x is determined by the production threshold
Here we have assumed that both photon beams and electron beams are unpolarized. We also assume that, the number of the backscattered photons produced per electron is one.
IV. THE NUMERICAL RESULTS OF THE PROCESSES
To obtain numerical results of the cross sections, we calculate the amplitudes numerically by using the method of reference [13] , instead of calculating the square of the production amplitudes analytically. This greatly simplifies our calculations.
There are several free parameters in the LHT model which are involved in the production amplitudes. They are the breaking scale f , the masses of the mirror quarks m H i (i = 1, 2, 3)(Here we have ignored the masses difference between up-type mirror quarks and down-type mirror quarks), and 6 parameters(θ
) which are related to the mixing matrix V H d . In Ref. [10] , the constraints on the mass spectrum of the mirror fermions have been investigated from the analysis of neutral meson mixing in the K, B and D systems. They found that a TeV scale GIM suppression is necessary for a generic choice of V H d . However, there are regions of parameter space where are only very loose constraints on the mass spectrum of the mirror fermions. Here we study the processes e + e − (γγ) → tc based on the two scenarios for the structure of the matrix V H d , as in Ref. [11] . i.e., Case I:
In both cases, the constraints on the mass spectrum of the mirror fermions are very relaxed. For the breaking scale f , we take two typical values: 500 GeV and 1000 GeV.
To get the numerical results of the cross sections, we should also fix some parameters in the SM as m t =174.2 GeV, m c =1.25 GeV, s 2 W =0.23, M Z =91.87 GeV, α e = 1/128, and v = 246 GeV [14] . For the c.m. energies of the ILC, we choose √ s = 500, 1000 GeV as examples. On the other hand, taking account of the detector acceptance, we have taken the basic cuts on the transverse momentum(p T ) and the pseudo-rapidity(η) for the final state particles
The numerical results of the processes e + e − (γγ) → tc are summarized in Figs.3-5, and the anti-top production is also included in our calculation. In Figs.3-4 , we plot the cross sections of the processes e + e − (γγ) → tc as a function of M H 3 for case I and case II, respectively. In case I, the mixing in the down type gauge and Goldstone boson interactions are absent. In this case there are no constraints on the masses of the mirror quarks at one loop-level from the K and B systems and the constraints come only from the D system. The constraints on the mass of the third generation mirror quark are very weak [10] . For Case I, we take m H 3 to vary in the range of 500-5000 GeV, and fix m H 1 = m H 2 =300 GeV. We can see from Fig.3 that both cross sections of the processes e + e − → tc and γγ → tc rise very fast with the m H 3 increasing. This is because the couplings between the mirror quarks and the SM quarks are proportion to the masses of the mirror quarks. The dependences of c.m. energy √ s on the cross sections are different between the two processes. For the process e + e − → tc, the contributions of the LHT model come from s-channel, so the large c.m. energy √ s depresses the cross section.
However, the LHT model makes t-channel contributions to the process γγ → tc and the large c.m. energy can enhance its cross section. The masses of the heavy gauge bosons and the mirror quarks, M V H and m H i , are proportion to f , but the scale f is insensitive to the cross sections of both processes because the production amplitudes are represented in the form of m H i /M V H . For Case II, the dependence of the cross sections on m H 3 is presented in Fig.4 . In this case, the constraints from the K and B systems are also very weak. Compared to Case I, the mixing between the second and third generations are enhanced with the choice of a bigger mixing angle s d 23 . Even with stricter constraints on the masses of the mirror quarks, the large masses of the mirror quarks can also enhance the cross sections significantly. The dependence of the cross sections on the c.m. energy is similar to that in Case I. In both Case I and case II, the cross section of γγ → tc is several orders of magnitude larger than that of e + e − → tc. So the process γγ → tc benefits from a large cross section.
In order to provide more information for ILC experiments to probe the LHT model via the top-charm production, we also give out the transverse momentum distributions of the top quark in Fig.5 . We fix √ s = 500 GeV, f = 500 GeV,
GeV, m H 3 = 2500 GeV for Case I and fix √ s = 500 GeV, f = 500 GeV, m H 1 = m H 2 = 1000 GeV, m H 3 = 1500 GeV for Case II. We can see that the p T t distributions of two processes are very different. The p T t distribution of the process e + e − → tc increases with p T t increasing, but the p T t distribution of the process γγ → tc decreases sharply with p T t . These two processes can provide complementary information in different transverse momentum space.
V. DISCUSSIONS AND CONCLUSIONS
Due to the GIM mechanism, the top quark FC interactions are absent at tree-level and extremely small at loop-level. So the production rate of tc process is very small in the SM and such process can not be observed. In some new physics models, there exist new FC interactions which can enhance the cross section of top-charm production significantly. So the study of top-charm production would play an important role in probing new physics models. In the LHT model, there exist the FC couplings between the SM fermions and mirror fermions which can make large loop-level contributions to the couplings tcZ(γ) and greatly enhance the production rates of the tc processes at the ILC. In this paper, we study the processes e + e − (γγ) → tc in the framework of the LHT model at the ILC. We find that the cross sections of these two processes vary in a very wide range within the parameter space limited by the neutral meson mixing in the K, B and D systems. With heavy mirror quarks, the cross sections of e + e − (γγ) → tc become very large, specially for the process γγ → tc, but for relative light mirror quarks the cross sections become very small. If these processes can be observed and their cross sections can be measured at the ILC, up-limits on the masses of the mirror quarks can be obtained. If these processes can not be observed, relative light mirror quarks are favorable by data of the ILC. Much more tc events can be obtained via photon-photon collision. So more detail information about the FC couplings in the LHT model should be obtained via γγ → tc.
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The three-point standard functions C 0 , C ij are defined as
The Feynman diagrams of the processes e + e − (γγ) → tc in the LHT model. 
